The long-known results of Schreier᎐Eilenberg᎐Mac Lane on group extensions are raised to a categorical level, for the classification and construction of the manifold of all graded monoidal categories, the type being given group ⌫ with 1-component a given monoidal category. Explicit application is made to the classification of strongly graded bialgebras over commutative rings. ᮊ 2001 Academic Press
INTRODUCTION AND SUMMARY
Graded monoidal categories were introduced by Frohlich and C.T.C. w x Wall in 8 , where they presented a suitable abstract setting to study the Brauer group in equivariant situations. This paper is concerned with the analysis and classification of these graded monoidal categories, following a w x parallel treatment to that made in 2 for the non-monoidal case.
In any graded monoidal category, its 1-component, or subcategory of all morphisms of grade 1, inherits a monoidal structure, and the graded category can be regarded as an extension of that monoidal subcategory by the group of grades. In developing this point of view, we are led to the problem of extending monoidal categories by groups, that is, the classification and construction of the manifold of all graded monoidal categories, the type being given group ⌫ with 1-component isomorphic to a given Ž . monoidal category C C, m . This problem, including the theory of obstruc-tions, is studied by means of factor systems and various homological invariants, generalized from Schreier᎐Eilenberg᎐Mac Lane group extenw x sion theory 6, 17 . For the reader's interest and due to its potential interest for ring theorists, we have included a section where we explain the meaning of our abstract results in the particular case in which graded monoidal categories are extensions of categories of modules with tensor product. Our concluw sions are here related to strongly graded algebras in the sense of Dade 4,  x Ž w x.
14 also called Clifford systems in 3 , S s [ S endowed with a g ⌫ bialgebra structure such that every -component S is a subcoalgebra.
In Section 2, after we state a minimum of necessary notation and terminology, we analyze the structure of ⌫-monoidal extensions of a Ž . monoidal category C C, m . We explain a factor set theory for these extensions; namely, a factor set of such an extension consists of a family of Ž . monoidal equivalences F , g ⌫, of C C, m with itself and isomorphisms of monoidal functors , : F F ª F , , g ⌫, satisfying a cocycle Ž . coherence condition, that is, a pseudo-representation of the group ⌫ by Ž . monoidal autoequivalences of C C, m . Any factor set gives rise to a crossed product extension and any extension is isomorphic to a crossed product Ž Ž .. 2 Ž Ž .. one. We sum up these results in a bijection Ext ⌫, C C, m ( ‫ވ‬ ⌫, C C, m that states how a survey of all isomorphism classes of extensions of a Ž Ž .. prescribed pair ⌫, C C, m is obtained in terms of non-abelian cohomol-Ž . ogy classes of 2-cocycles, or factor sets, of ⌫ with coefficients in C C, m .
Ž . Each ⌫-graded extension of a monoidal category C C, m realizes a Ž . collective character of ⌫ in C C, m , that is, a group homomorphism ဧ: Ž . ⌫ ª Pic C C, m of ⌫ into the group of isomorphism classes of monoidal Ž . equivalences of C C, m with itself, and this leads to a problem of obstructions. When a collective character is specified, it is possible that no graded monoidal category realizing the specified homomorphism can exist. One of the main goals of this paper is to obtain a necessary and sufficient condition for the existence of graded monoidal categories representing Ž Ž .. Ž Ž .. elements in Ext ⌫, C C, m : Ext ⌫, C C, m , the subset of those classes ဧ Ž . of ⌫-graded extensions of C C, m that realize a given collective character ဧ. This condition is formulated in terms of a certain 3-dimensional group Ž . cohomology class T T ဧ , referred to here as the Teichmuller obstruction of ဧ.
In Section 3, it is shown that any collective character ဧ determines a Ž Ž . . character ဧ*: ⌫ ª Aut Z C C, m * of the group ⌫ in the abelian group of Ž . the units of the monoid center of monoidal category C C, m . Hence, Ž . n Ž Ž . . Z C C, m * is a ⌫-module and the cohomology groups H ⌫, Z C C, m * , 
ဧ
We conclude Section 5 by exhibiting a non-realizable collective character of the cyclic group of order two in the monoidal category of representations of the dihedral group D over a field. 10 The last section is devoted to applying the general results to graded Ž . extensions of M M, m , the monoidal category of modules over a k-bialge-R k bra R. Our main objective here is the classification of strongly graded bialgebras, which follows from the observation that strongly ⌫-graded bialgebras S s [ S whose coefficient bialgebra S is isomorphic to a 1 g ⌫ given bialgebra R, are in natural and essentially bijective correspondence 
GRADED MONOIDAL CATEGORIES AND CROSSED PRODUCTS
Hereafter we will regard a group ⌫ as a category with exactly one object, say ), where the morphisms, all being invertible, are the members of ⌫ and the composition law is the group composition operation. 
Ž .
X , Y Ž and an isomorphism of grade 1 natural with respect to the elements
The ⌫-monoidal functor F is called strict when each of the isomorphisms ⌽ , ⌽ is an identity. Ž . By a ⌫-monoidal extension of a monoidal category C C, m , we mean a ⌫-monoidal category whose kernel is isomorphic to C C. More precisely, we establish the following definition: Ž . DEFINITION 2.2. Let C C, m be a monoidal category and let ⌫ be a
We can easily establish that we have a category whose objects are the Ž . ⌫-monoidal extensions of C C, m and whose morphisms are the morphisms of ⌫-monoidal extensions. The following proposition shows that this cate-Ž . Ž . gory is a groupoid, so that the existence of a morphism D D, j ª D DЈ, jЈ is Ž . an equivalence relation between the ⌫-monoidal extensions of C C, m and, Ž . in this case, we usually say that the ⌫-monoidal extensions D D, j and
will denote the set of equivalence classes of ⌫-monoidal extensions of the Ž . monoidal category C C, m . PROPOSITION 2.1. E¨ery morphism of ⌫-monoidal extensions is an isomorphism.
Proof. Since each morphism of ⌫-monoidal extensions is a cocartesian functor whose restriction to the fiber categories is an isomorphism, the w x proposition follows from 9, Proposition 6.10 . Now, keeping the Schreier theory for group extensions in mind, we shall explain a factor set theory for ⌫-monoidal extensions of monoidal categories. Then, a factor set for an extension will be an appropriate system of ''descent datum'' to rebuild the extension up to equivalence. Note that Grothendieck's equivalence between covariant pseudofunctors on a catew x gory and cofibrations defined over itself 5, 9 underlies all that follows. Ž . Let ⌫ be a group and let C C, m be any monoidal category. By a factor Ž . set, or 2-cocycle on ⌫ with coefficients in C C, m , we shall mean a Ž . pseudofunctor ⌫ ª monoidal categories that associates category C C, m to Ž . the unique object of ⌫. Thus, a factor set , F consists of a family of
and isomorphisms of monoidal functors , : F F ª F , , g ⌫, sat-isfying the conditions:
Ž .
Ž . A factor set , F gives rise, by the so-called Grothendieck construc-Ž . Ž Ž . . tion, to a ⌫-monoidal extension of C C, m , ⌬ , F , j , that we call a Ž . crossed product extension of C C, m . It can be described as follows: category Ž . ⌬ , F has the same objects as category C C and their arrows are pairs Ž . u, : X ª Y consisting of an element g ⌫ and a morphism in C C, u:
, . This composition is associa-X Ž . tive and unitary thanks to the normalization and cocycle conditions 1 of
Ž . Ž . and the unit ⌫-functor I: ⌫ ª ⌬ , F by I s I ª I , where I is the unit object of C C. The associativity and left-and right-unit constraints Ž . Ž . Ž . are given by the corresponding ones of C C, m , that is, a , 1 , l , 1 ,
Ž . Next we observe that any ⌫-monoidal extension of C C, m is isomorphic to a crossed product, in the explicit sense given below. We say that a factor Ž . unique morphism F u : F X ª F Y determined by the commutativity of the diagram
those uniquely determined by the commutativity of the diagrams any object X g C C, by the commutativity of the diagram
Since F s id and, for each g ⌫, : F F ª F , the
Ž . functors F are actually monoidal equivalences of C C, m with itself, and Ž . we claim that the system , F is a factor set: if , , ␥ g ⌫ are any three 
F be a morphism between the corresponding crossed product extensions. From the equality H и j s j, it follows that H is strict. For any object X g C C let us consider the morphism in Ž . Ž .
Ž . Ž .
⌬ , G , id , : X ª G X, and suppose that H id , s ,
functors. To see that is natural, let us obser¨e that for any morphism in C C,
Ž . is commutative and so, by the functoriality of H, in ⌬ , F the equality Ž . Ž . Ž Ž . . Ž . , и u, 1 s G u , 1 и , holds; that is, we have the equality
from which we are led to
which states that is an isomorphism of monoidal functors. Now, if , g ⌫ and X is any object of C C, we have the equality in Ž .
from which, again by the functoriality of H, we obtain the equality in
Ž . or, equivalently, the equality 2 .
Conversely, if there exists a family of isomorphisms :
Ž . g ⌫, with s id and such that equalities 2 hold, then there exists a Ž . Ž . morphism of ⌫-monoidal extensions H: ⌬ , G ª ⌬ , F , defined as the identity on objects and on morphisms by
The detailed proof is a straightforward calculation and is left to the reader. Thus, both factor sets are associated to the same extension and the theorem is established.
The above theorem suggests the following definition. For a monoidal Ž . 2 Ž Ž .. category C C, m and any group ⌫, let ‫ޚ‬ ⌫, C C, m denote the set of all Ž . 2-cocycles on ⌫ with coefficients in C C, m , or factor sets. To be cohomologous is an equivalence relation between factor sets, and we define the
2 Ž Ž .. as the quotient set of ‫ޚ‬ ⌫, C C, m by the relation of being cohomologous. As an immediate consequence of Theorem 2.1 we obtain: Ž . THEOREM 2.2. Let ⌫ be a group and let C C, m be a monoidal category.
Ž . The map that carries a factor set , F to the corresponding crossed product Ž . extension ⌬ , F induces a bijection isomorphism such that D⌿ s ⌿D: D ª D nq 1 . This result can be rewritten in terms of factor sets and cohomology classes as Theorem 2.2 is.
Ž . Indeed, any ⌿, D such as that above defines a factor set on ‫ޚ‬rn‫ޚ‬ with Ž . Ž .
s D i D for each i s 0, . . . , n y 2, and the isomorphisms of monoidal functors
Ž . Conversely, let us suppose that , F is any factor set on ‫ޚ‬rn‫ޚ‬ with Ž . 
Ž . such that ⌿D s D⌿, that is, a pair ⌿, D defining a factor set that is Ž . 
It is easy to see that any morphism between two k-linear extensions is always k-linear. Then,
will denote the subset of isoclasses of k-linear extensions. Ž . A factor set , F on ⌫ with coefficients in a k-linear monoidal Ž .
category C C, m is said to be k-linear if the monoidal autoequivalence F is k-linear for all g ⌫. Then
will denote the subset of cohomology classes of k-linear factor sets. These k-linear notions lead to corresponding k-linear versions of Theorems 2.1 and 2.2, the last one showing the existence of a natural bijection, Ž . given by the restriction of 3 ,2
COLLECTIVE CHARACTERS ON A MONOIDAL CATEGORY
If C C is a category and id : C C ª C C is the identity functor, the center of
is defined as the set of all morphisms u: id ª id . Thus, an We will often use the following fact:
Proof. For any object X g C C, since F is an autoequivalence, we can ; select an object X and an isomorphism of C C, f : FX ª X. We then
observe that this morphism does not depend on the choice of the isomor-
in C C, since F is an autoequivalence, there will exist unique isomorphisms
Thus, we can select I s I and f s ⌽ : FI ª I, and for any X, Y g C C,
and then the naturality of ␣ and ␤ implies
As for the uniqueness of u, let us suppose that ␣ и uF s ␣ и¨F for Ž . u,¨g Z C C, m *. Since ␣ is an isomorphism, uF s¨F and so u sb ecause F is an autoequivalence.
u F s Fu. We then obtain:
As a result, for any u,¨g Z C C, m *, the following equalities hold:
F Ž . and therefore Lemma 3.1 implies that u и¨s u и¨.
iii It is clear. 
Now, keeping the Baer notion of kollekti¨charakter in mind, we shall Ž . define a collecti¨e character of a group ⌫ in a monoidal category C C, m as Ž . a group homomorphism ဧ: ⌫ ª Pic C C, m . Thus, the set of all homomor-
By composition with the homomorphism 6 , we obtain a map
. In particular, every collective character ဧ, of ⌫ in C C, m , determines a Ž . ⌫-module structure on Z C C, m * and we will denote this by 
THE OBSTRUCTION MAP
Ž . We will now show how every collective character ဧ: ⌫ ª Pic C C, m has Ž . 3 Ž Ž . . canonically associated with it a cohomology class T T ဧ g H ⌫, Z C C, m * ဧ whose construction is analogous to a classic construction by Teichmuller w x 19 for a similar situation with linear algebras, and to that by Eilenberg w x and Mac Lane 6 for the study of obstructions to group extensions with non-abelian kernels.
Ž . Let ဧ: ⌫ ª Pic C C, m be a collective character. Recall from the previous section that the corresponding ⌫-action of an element g ⌫ on an Ž .
Ž . In each monoidal autoequivalence class ဧ , let us choose an auto-
and F must be isomorphic for each pair , g ⌫. Then we can select isomorphisms , :
, so that the choices of F and
ဧ i If the choice of in 8 is modified, then T T changes to a cohomologous cocycle. By suitably changing , T T
ဧ may be changed to any cohomologous cocycle.
Ž .
ii If the choice of the monoidal autoequi¨alences F is changed, then a suitable new selection of lea¨es cocycle T T ဧ unaltered.
Proof. To prove that T T s T T is a 3-cocycle, let , , ␥ , ␦ g ⌫ . Then, we compute the isomorphism of monoidal functors ,
in two ways. On the one hand, we have
and on the other hand,
Hence, comparison and Lemma 3.1 give
that is, T T is a 3-cocycle. 
an equality which asserts that the 3-cocycles T T and T TЈ are cohomologous. Ž .
Thus we have
Ž . This proposition proves that each collective character ဧ: 
REALIZATIONS OF COLLECTIVE CHARACTERS BY GRADED MONOIDAL EXTENSIONS: THE THEORY OF OBSTRUCTIONS
Ž . Let ⌫ be a group and let C C, m be a monoidal category. There is a diagram of maps
where carries the class of a factor set , F to the collective character Ž . 
F g Pic C C, m , g ⌫, every F is k-linear, and therefore it repre-
Ž . Ž . Ž . ii It follows from i , since bijection 3 restricts to bijection 4 . Ž . there exists a factor set , F with F g ဧ for any g ⌫. Then, in the construction of the 3-cocycle T T ဧ of ⌫ with coefficients in the ⌫-module Ž .
. and only if its Teichmuller obstruction
Z C C, m *, one can take just the monoidal autoequivalences F , g ⌫, and the isomorphisms , : F F ª F given by the factor set. In this case, the factor set condition
s 1 in 9 . Therefore, T T ဧ s T T is the zero cohomology class.
, , ␥ Conversely, suppose that the collective character ဧ has a vanishing Ž . 
Ž . cohomology class T T ဧ . Select any monoidal autoequivalences
is not empty, so that ဧ is realizable.
ဧ ဧ
To complete the classification of the ⌫-monoidal extensions of a Ž . monoidal category C C, m , we reach the result below. 
particular, there is a non-natural bijection
Proof. We describe an action
Ž . we observe, simply by reversing the proof of Proposition 4.1 i , that we Ž . w x have a new factor set h q , F , representing another element h q , F 2 Ž Ž .. w x w x g ‫ވ‬ ⌫, C C, m , which we maintain depends only on h and , F . To ဧ w x Ž . see this, let us suppose that g is another representative of h and , G w x is another representative of , F . There must then exist isomorphisms
we build the isomorphisms q s G и : F ª G , g ⌫, Ž . Ž . which make the factor sets h q , F and g q , G cohomologous, since for any , , ␥ g ⌫ we have ,
. tion of the abelian group H ⌫, Z C C, m * on ‫ވ‬ ⌫, C C, m , which ဧ ဧ w x furthermore is a principal one. In fact, if we suppose that h q , F s w x , F , there must exist a family of isomorphisms :
Then, by Lemma 3.1, we can write s F for a uniquely determined 1-cochain : ⌫ ª Ž . Z C C, m *, and we have
, Ž .
Ž . from which we deduce that s h и и ; that is, h s Ѩ 2 Ž Ž . . represents the zero class in H ⌫, Z C C, m * . by choosing , :
. F s и , for , g ⌫, we find a new factor set , F that 2 Ž Ž .. Ž . represents the same class in ‫ވ‬ ⌫, C C, m as , G . Now, by Lemma 3.1,
Ž . we can write ␤ s h F и , where h: ⌫ ª Z C C, m * is a normal-Ž . ized 2-cochain of ⌫ on Z C C, m * and, just as in the proof of Proposition
, ␥ ,
i for T T s T TЈ s 1 , we see that
. is a 2-cocycle of ⌫ on Z C C, m * and clearly h q , F s ␤, F ; therew x w x w x w x w x w x fore, h q , G s h q , F s h q , F s ␤, F .
An Obstructed Collecti¨e Character
It is very easy to find unobstructed collective characters and, of course, any graded monoidal category yields one. In this example we set forth a non-realizable collective character, that is, a group homomorphism ဧ: Ž . Ž . ⌫ ª Pic C C, m , for a particular group ⌫ and monoidal category C C, m such that its Teichmuller obstruction is non-zero.
² 2 : For, considering ⌫ s C s t; t s 1 , the cyclic group of order two, k : r . In this category, the tensor product of a pair of representations :
fined by the action of D over V and V , and the unity is the trivial Let ␤ : D ª D be the group automorphism defined by ␤ r s r 10 10 Ž . Ž .
ŽV , .
Ž . w x Therefore, the equation ဧ t s ␤ * determines a homomorphism
Ž . cyclic group of order two whose non-trivial element is the isomorphism u: 
is uniquely determined by Eq. 9
t, t, t that is, the equality
Therefore, it is enough to prove that the equality ␤ * s u␤ * и ␤ * holds. Ž . To do so, let V, be any k-representation of D ; then, on the one hand, hand,
s ␤ r 
t, t, t t , t, t

GRADED MONOIDAL EXTENSIONS OF MODULE CATEGORIES WITH TENSOR PRODUCT
Throughout, k is a commutative ring with 1 and all algebras and coalgebras are over k. If R is a bialgebra, then the category M M of left 
In¨ertible Coalgebras and the Picard Group of a Bialgebra w x
For notation and terminology, we generally follow the books 18 and w x w x 13 and the paper 15 , on which we lean heavily.
If P is a coalgebra, then, for clarity, we shall afix P as a subscript to its structure maps. Thus, ⌬ : P ª P m P denotes its comultiplication map P k and ⑀ : P ª k its counit map. We shall occasionally use Sweedler's
is a collection of coalgebras, then its direct sum s coproduct
is the direct sum k-module P s [ P endowed with comultiplication
and counit defined by ⌬ p s ⌬ p g P m P : [
Ž . P m P and ⑀ p s ⑀ p , for each p g P , u g I.
Let R be a bialgebra; that is, R is both an algebra and a coalgebra and ⌬ and ⑀ are algebra maps. Then, as we recalled above, the category M M R R R is monoidal, with m as tensor product and k as unit. Particularly, if P is k any coalgebra together with a left R-module structure, then P m P also k has a left R-module structure. By a left R-coalgebra we mean a coalgebra P that is a left R-module such that the coalgebra structure maps ⌬ and P ⑀ are both R-module morphisms. We denote by Ž . of R, S -coalgebras, whose objects are those coalgebras P enriched with a Ž . R, S -bimodule structure such that ⌬ and ⑀ are bimodule homomor-
For R, S, and T any three bialgebras, there is a tensor bifunctor
S R S S T R T S
Ž . Ž . where the R, T -bimodule P m Q is a R, T -coalgebra with the comulti-
Ž . Ž . p , q and the counit ⑀ induced by
We refer to P m Q as the R, T -coalgebra tensor product of the R, S -S Ž . coalgebra P and the S, T -coalgebra Q. Now, if f : R ª S is a bialgebra morphism, then every S-coalgebra has a structure of R-coalgebra via f, so that we have a change of bialgebras functor C C ª C C. It is easy to see that this functor has a left adjoint Ž .
R R S
where for any R-coalgebra P, S m P is the S-coalgebra tensor product of R Ž . Ž . the S, R -coalgebra S and the R, k -coalgebra P as above. The counit of the adjunction on each S-coalgebra Q is the canonical S-module map
which is indeed a S-coalgebra morphism since bimodule isomorphisms f : P m Q ª S and g: Q m P ª R.
R S
Ž . Now let R and S be bialgebras. If P is any S, R -coalgebra, then, since Ž . ⌬ and ⑀ are both S, R -bimodule morphisms, it is easily shown that the
for any R-modules M and N. w x In 15 , monoidal equivalences between module categories with a tensor product are investigated and the following result is proven: THEOREM 6.1. Let R and S be bialgebras.
is a monoidal equi¨alence, and an isomorphism of monoidal functors
is a k-linear monoidal equi¨alence if, and only if, P is an S, R -progenerator and the morphisms
Ž . p and Ž .
Q P for all p g P, and this actually means that f is a coalgebra morphism.
by means of in¨ertible coalgebras in the following sense:
Ž . DEFINITION 6.1. Let R and S be bialgebras. An S, R -coalgebra P is Ž . Ž . invertible if there exist an R, S -coalgebra Q, an isomorphism of S, S -; Ž . coalgebras f : P m Q ª S, and an isomorphism of R, R -coalgebras g:
. Let R and S be bialgebras. An S, R -coalgebra P is in¨ertible if and only if
is a monoidal equi¨alence.
Ž . Proof. First let us assume that P is an invertible S, R -coalgebra and Ž . let Q be an invertible R, S -coalgebra such that we have bimodule᎐coal- 
are monoidal, and, finally, that they are inverse monoidal equivalences.
; w x By Morita theory 1 , we know that the maps g :
y ( id and f : P m y Q m y ( id . Hence, we only have to
take into account the monoidal structure of these functors and the isomorphisms between them. w x Ž As is proven in 15, Proposition 1 and it is straightforward to see using Now, using the fact that g: Q m P ª R is a coalgebra morphism, we S can verify the coherence equalities for g to be a monoidal isomorphism. Indeed, for any two R-modules M and N, we have
Mm N k for all p g P, q g Q, m g M and n g N, and
and similarly, we have the equalities
Ž . Ž . R m y , ⌽ , ⌽ , defined by the R, R -coalgebra R and id , and , ⌽ is isomorphic to the
The next proposition asserts that invertible coalgebras also induce equivalences between categories of coalgebras. PROPOSITION 6.2. Let R, S, and T be three bialgebras, and let P be an Ž . Ž . in¨ertible S, R -coalgebra. Then, the functor 13
is an equi¨alence of categories. 
Ž .
Note that for any unit u of the algebra R such that ⌬ u s u m u, the R Ž . condition ⑀ u s 1 is automatically satisfied.
R
For example, if we take R s kG, the Hopf group algebra over a field k Ž . Ž . defined for a group G, then Z kG * s Z G , the usual center of group G. THEOREM 6.4. Let R and S be bialgebras and let P be any in¨ertible Ž . S, R -coalgebra. Then there are monoid isomorphisms
Proof. We know 7, Proposition 12.10 that every R, R -bimodule endomorphism of R is of the form r ¬ ur, r g R, for a given central element u g R, and it is plain to see that such an endomorphism is of coalgebras if, and only if, u is a group-like element; that is, it satisfies Ž . Ž . ⌬ u s u m u and ⑀ u s 1. Thus, we have a monoid isomorphism
Ž . Ž .
C C R R
By Proposition 6.2, the functor P m y: C C ª C C is an equivalence of
categories, and therefore we have isomorphisms
Similarly, we have isomorphisms
isomorphic to the identity, from Proposition 6.1 we obtain a monoid Ž . Ž . isomorphism End R ( Z M M, m , and, likewise, the same reasoning
for S ends the proof of the first chain of monoid isomorphisms announced in the theorem. The remaining group isomorphisms are obtained as restrictions to the corresponding group of units. DEFINITION 6.3. Let R be a bialgebra. The Picard group of R, denoted Ž . w x by Pic R , is the multiplicative group of all isomorphism classes P of k Ž . invertible R, R -coalgebras. Multiplication is induced by the tensor prodw xw x w x uct; that is, P Q s P m Q . R Ž . Let us remark that every invertible R, R -coalgebra is an invertible Ž . R, R -bimodule, and therefore there is an obvious homomorphism from the Picard group of a bialgebra to the usual Picard group of the underlying algebra, which is neither injective nor surjective in general. Now, as a consequence of Theorem 6.3 the following holds: THEOREM 6.5. Let R be a bialgebra. The correspondence
between the Picard group of the bialgebra R and the Picard group of the
Strongly Graded Bialgebras
As in the previous subsection, all algebras and coalgebras are over a given commutative unitary ring k and ⌫ is a fixed group. Ž .
then S is said to be a strongly ⌫-graded bialgebra.
The most striking example of a strongly graded bialgebra is the group bialgebra R⌫ s S, for R any given bialgebra. However, crossed products of R and ⌫ also yield examples of strongly graded bialgebras. Note that the underlying graded algebra of a strongly graded bialgebra is a strongly w x Ž graded algebra in the sense of 4, 14 also called Clifford systems by Dade w x. in 3 .
It is easily seen that in any ⌫-graded bialgebra S, the subcoalgebra S , 1 corresponding to the identity 1 g ⌫, is a subbialgebra of S, and each Ž . -component S , g ⌫, is a S , S -subcoalgebra of S. 1 1 Ž . DEFINITION 6.5. Let S be a ⌫-graded bialgebra. A graded left S-Ž . coalgebra P is a left S-coalgebra, also denoted by P, together with a direct sum decomposition P s [ P into subcoalgebras P , g ⌫, g ⌫ such that
Ž . When 24 can be replaced by the stronger condition S P s P , for all , g ⌫, 2 5
then P is said to be a strongly ⌫-graded S-coalgebra.
The category gr C C of graded S-coalgebras has as morphisms those S S-coalgebra morphisms f : P ª Q that are grade preserving in the sense Ž . that f P : Q , for all g ⌫.
For any ⌫-graded bialgebra S, there is a restriction functor
sending any graded S-coalgebra P into its 1-component P , and an 1 Ž Ž .. induction functor cf. 14 S m y: C C ª gr C C ,
where, for any S -coalgebra Q, the S-coalgebra tensor product S m Q is
w Using a fundamental result by Dade on strongly graded rings 4, Theox rem 2.8 we obtain the following: PROPOSITION 6.3. If S is a strongly ⌫-graded bialgebra, then the following properties hold:
i E¨ery graded S-coalgebra is strongly graded.
Ž .
ii For any graded S-coalgebra P, the canonical S-coalgebra mor-
phism of graded S-coalgebras.
Ž . Ž . iii The functors y and S m y define an equi¨alence between the
categories gr C C and C C.
of graded S-coalgebra is an isomorphism if and only if its restriction f
For every graded S-coalgebra P and each g ⌫, let P be the graded S-coalgebra, which is the same as P as S-coalgebra but with the gradua-Ž . Ž . tion P s P . If S is a strongly graded bialgebra, then ␦ : S m P S 1 1 ª P is an isomorphism of graded S-coalgebras and, in particular, its restriction to grade g ⌫,
is an isomorphism of S -coalgebras. Taking P s S, the following property 1 holds:
PROPOSITION 6.4. If S is a strongly ⌫-graded bialgebra, then for all , g ⌫, the canonical morphism
. is an isomorphism of S , S -coalgebras. 1 1 In particular, by taking s y1 , the canonical maps given by multiplica-
for all g ⌫, and we obtain the consequence below.
COROLLARY 6.1. If S is a strongly ⌫-graded bialgebra, then for all g ⌫, Ž . S is an in¨ertible S , S -coalgebra. 1 1 To classify strongly ⌫-graded bialgebras, we shall regard each of them, say S, as an extension of its 1-component S by the group ⌫. More s sЈ , for all s g S , sЈ g S . Hence, is also an algebra morphism, w x w x so that it is a bialgebra isomorphism between S and T ; that is, S s T .
Ž . Finally, we observe that the map f is surjective. Let , F be any factor 2 for s g S , t g S , so that S becomes an algebra, containing R as a subalgebra. Since each map m , is a coalgebra morphism, it follows that m is also a morphism of coalgebras. Then, S is a bialgebra containing each S as subcoalgebra and R as subbialgebra. Since each m , is an isomor-Ž . phism S S s S , for all , g ⌫, therefore S is a strongly ⌫, R -graded Ž . bialgebra. From the construction of S, it follows that the factor sets , F Ž . Ž . and , F are made cohomologous by s and therefore S S g ⌫ w x w x f S s , F , as required. We are now ready to apply the general results shown in Sections 3 and 4 to the classification of strongly graded bialgebras.
We shall end with an example. As in Section 5.1, let C be the cyclic 2 group of order 2, let D be the dihedral group, let ␤ be the automor- 10 phism of D there defined, let kD be the group bialgebra over any field 10 10 Ž . k, and let the collective character ဧ: C ª Pic kD be sending t to the 2 k 10 w x Ž . class ␤ *kD of the invertible kD , kD -coalgebra kD twisted by 10 10 10 10 the automorphism ␤. It follows from Proposition 5.2 that ဧ is an obstructed collective character, that is, there is no strongly C -graded bialge-2 bra S s S [ S with S s kD and S s ␤ *kD . 
